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Paul Stapel

Abstract
In this thesis, we iterate on literature on memristor-based Echo State Networks (ESNs) to find a network that

behaves at the Edge of Chaos. Through means of the theoretical model of the Edge of Stability Echo State Network
(ES2N), an improvement is proposed meant to lift the ESN into this chaotic regime, characterized by an annular region
of Jacobian eigenvalues all near 1 in magnitude. A physical model of the ES2N based on conical memristors is proposed,
mathematically shown to correspond to the theoretical model of the ES2N. Through simulation on the chaotic Mackey-
Glass timeseries, an increase in Valid Prediction Time (VPT) of 59.0% has been established, with increased efficiency
(VPT per Watt) ranging between 35.9% and 59.0%. Moreover, it is shown that the new physical ES2N performs at
least as well as the theoretical model when studying this benchmark. Finally, it is shown that the physical ES2N is able
to perform well at the MSO8 benchmark, an input sequence containing multiple timescales which is impossible for the
standard ESN.
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1. Introduction
In recent years, the use of Artificial Intelligence (AI) has
seen a worldwide surge as technology advanced to allow
Large Language Models to become relevant. Throughout
this recent development, increase in global energy con-
sumption has become a concern among researchers. Global
datacenter energy consumption is projected to double by
2030, and it will account for 3% of total global energy
consumption [1]. With this rising demand in AI, green
energy solutions have become more and more sought after.

The human brain offers a compelling source of inspiration
when it comes to efficient computation. With just 20
Watts [2], a power consumption comparable to household
lightbulbs, it is able to perform learning tasks and reason
about the world around us. Because of this efficiency,
research has been done into neuromorphic (brain-inspired)
devices, such as fluidic iontronic memristors that mimic
the brains salt-and-water based approach to computation
[3–8]. Benefits to these types of devices include compat-
ibility for brain-computer interfaces, low electromagnetic
interference, low energy consumption and tunable ion
transport enabled by the variability of ion types and sizes
[3].

In this thesis, we will use memristors as neuromorphic
building blocks for implementing so-called Echo State Net-
works for machine learning tasks involving temporal data.

1.1 Neuromorphic components
Traditionally, three main electrical components were
known, namely the resistor, inductor and capacitor.
Through symmetry arguments on their relations between
Current, Potential, Flux and Charge, a 4th element was
also hypothesized in 1971: the memristor [9]. In the early
2000’s, physical memristors have been realized in many
different ways [10–16], though it is argued none of these
are an actual memristor as per the original definition [17].
Nonetheless, it has been shown these physical implementa-
tions of a memristor component have characteristics useful
in the field of neuromorphic computing [18]. We will go
into further depth on these components in Chapter 2.

1.2 Memristor based machine learning
Recently, a correspondence between memristor based
circuits and Leaky Echo State Networks (Li-ESNs, see
Chapter 3) has been formally established [19]. This
makes memristor-based ESNs useful for a variety of tasks
related to temporal data, such as time-series forecasting
(e.g. energy, weather, financial markets), medical signal
processing, speech recognition, computer vision, robotics
and real-time anomaly detection in industrial systems
[20–32].

However, for the memristor-based implementation of such
networks to be useful in practice, they must still have suffi-
cient performance compared to the digital counterpart. For
recurrent neural networks (RNNs, see chapter 3) like ESNs
to be efficient and most theoretically tractable, they must

operate at the so-called Edge of Chaos [33–36]. Current im-
plementations of memristor based ESNs have not yet been
able to reach this regime [19, 37]. This forms the main
motivation of this thesis.

1.3 Thesis outline
Because current memristor-based Echo State Networks do
not operate at the Edge of Chaos, this thesis will aim to
find an answer to the following research questions:

RQ1. How can Edge of Chaos dynamics be intro-
duced into a memristor-based Echo State Net-
work?

RQ2. To what extent does the introduction of Edge
of Chaos dynamics improve the predictive per-
formance of the memristor-based Echo State
Network, and how does this affect the energy
efficiency of the physical circuit?

In section 2 and 3 of this thesis, we will review some
elementary theory on memristors and Echo State Networks
respectively. The aim of these sections is to lay the
foundation for the actual results and new material in this
thesis. From there, we will go over the definitions of chaos
in section 4, some useful theories about chaos and how it
relates to machine learning.

Having covered all theory and stated our problem, we turn
to solutions in the Edge of Stability Echo State Networks
and the mathematical theory around them in section 5. In
doing so, we look into potential benefits such a network has
over the standard Echo State Network. Next, we explore
the physical aspects of such a network in section 6. Specif-
ically, we wish explore what additions we would need to
make to our circuit in order to have it be mathematically
equivalent to an ES2N. From here, we dedicate section 7 to
the modelling of this physical implementation, comparing
benchmarks with the original ESN to quantify the effect
Edge of Chaos computing has using simulations. The re-
sults of these simulations will be laid out in section 8 and
discussed in section 9. Finally, we reach a conclusion on
our research questions in section 10.
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2. Memristors
In electrical circuits, we are usually concerned with three
main electrical components, namely the resistor, inductor
and capacitor. These govern the relations between voltage
(v), current (i), flux (Φ) and charge (q). Writing down the
constitutive equations these components follow, we can see
that: 

Resistor: dV := RdI

Capacitor: dq := C dV

Inductor: dΦ := LdI

and by definition of flux and charge:{
Flux: dΦ := V dt

Charge: dq := I dt

Looking at these equations more carefully, we can see that
out of the ways the 4 quantities can relate, a relation be-
tween flux and charge is missing. Because of this missing
relation, Leon Chua proposed a new basic circuit element
in 1971, which he dubbed the memristor [9]. The namings
of this element will become clear in the next section.

2.1 Definition of a memristor
The constitutive equation that describes the memristor re-
lates flux to charge using some value M , called the mem-
ristance:

dΦ :=M
(
q(t)

)
dq (2.1)

Using the definition of flux and charge, we can rewrite this:

M
(
q(t)

)
=M

(∫ t

−∞
I(t′)dt′

)
=

dΦ
dt
dq
dt

=
V (t)

I(t)
(2.2)

Note here that this expression will not hold when I(t) = 0.
In this case, we must understand the memristance in terms
of the definition (2.1). Then, we can see that memristance
has a clear resemblance to resistance, both having units
Ohm (Ω). The only difference is that the memristance
depends on the entire history of the charge, as opposed to
just some momentary voltage value. This is the reasoning
behind the name memristor; we are dealing with a resis-
tive device that has memory of the charge at previous times.

When the current is set to zero, the charge must be
constant, and so M(q) also becomes a constant value. In
this case, we recover exactly the constitutive equation
for the resistor, further validating the similarity between
memristors and resistors. From hereon out, we shall use
the reciprocal of the memristance — which we shall call
the conductance, g

(
q(t)

)
or simply g(t) — because it is

easier to work with in parallel circuits.

2.2 Conical memristors
The specific memristors we will be studying in this thesis
are conical fluidic iontronic memristors. Throughout this
thesis, we shall refer to these simply as conical memristors.
An example of such a conical memristor is displayed in
figure 1.

Figure 1: Internals of a conical fluidic iontronic mem-
ristor. When a voltage is applied over the memristor,
ions will move through the channel based on the ex-
isting concentration gradient of the ions, magnitude of
the applied voltage, surface charge of the channel and
the dimensions of the channel.

In this conical channel, the ion concentration gradient
and surface charge on the channel create a resistance to
ion flow. As the ions move from one side to another,
it becomes more and more difficult to move ions into
that side, increasing electrical resistance in the channel.
Because the ionic conductance of the channel depends on
the instantaneous concentration profile, and because that
profile reflects the entire history of prior voltage inputs,
the channel conductance depends on the cumulative
history of the applied voltages. When the voltage is kept
at a constant value, the conductance will tend to some
equilibrium value. We say that the memristor is volatile;
the state will change even when there is no change in
voltage.

To state this tendance to equilibrium more generally, we
can note that our steady state conductance depends only
on the applied voltage V , so that we can name it g∞(V ).
Then, the dynamics of the memristor can be written as

ġ = f(g, V ). (2.3)

Here, we reach equilibrium, where g → g∞(V ) and
f(g, V ) → 0, at some constant relaxation timescale τ in-
trinsic to the device. With this we can proceed to further
refine our mathematical model of this conical memristor.
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2.3 Simple Volatile Memristors
Knowing that a conical memristor obeys Eq. (2.3), we can
try to narrow down an actual equation using some simplifi-
cations, following the 2024 paper by Kamsma et al. [18]. A
natural assumption would be that the function f(g, V ) de-
pends on the distance of the current conductance to steady
state. Then, we could write

ġ = f(g∞(V )− g(t)).

As we would reach a steady state, we would off course have
that f(0) = 0. The full form of f , however, remains un-
known as of now. Let us then expand f to first order to
find:

ġ = f(0) +
(
g∞(V )− g(t)

)
f ′(0) +O

((
g∞(V )− g(t)

)2)
.

Finally, due to dimensional analysis, we conclude f ′(0) has
units time−1, so that we can match it with the constant
relaxation timescale τ that we previously mentioned. With
this, all our simplifications have been done, and we are
finally ready to define the class of memristors our conical
memristor falls into: the simple volatile memristor (SVM).

Definition 1 (Simple Volatile Memristor). A Sim-
ple Volatile Memristor (SVM) is a circuit compo-
nent with a dynamic conductance g(t) that tends
to some voltage-dependent steady state conductance
g∞(V ) such that this dynamic conductance can be
described by

I(t) = g(t)V (t) (a),

ġ(t) =
g∞(V )− g(t)

τ
(b)

(2.4)

For the memristor as in Fig. 1, the g∞(V ) can be described
by the following equation [38]:

g∞(V )

g0

= 1 +∆g

∫ L

0

 x
L

Rt
R(x)

− e
Pe(V ) x

L

R2
t

Rb R(x) − 1

e
Pe(V )

Rt
Rb − 1

 dx

L

(2.5)

where the quantities used are derived from the Poisson-
Nernst-Planck-Stokes equations [39]. The value g0 = g∞(0)
denotes the steady-state conductance at V = 0, and ∆g =
2wRb−Rt

Rb
Du, with Du ≈ −0.25. The channel length is

given by L, and the channel radius is described by R(x),
with Rt and Rb denoting the radii at the tip and base
respectively. Furthermore, Pe(V ) = Q(V )L

DπR2
t

is the Péclet

number, where Q(V ) = RtRbϵψ0
ηL

V represents the electro-
osmotic flow and D is the diffusion coefficient of the ions.
Finally, w = eDη

kbTϵψ0
denotes the ratio of ionic to electro-

osmotic mobility, where ϵ is the permittivity, ψ0 is the sur-
face potential and η the viscocity.

When plotting Eq. (2.5) as a function of V , using the values
as proposed in [38] (see Appendix A), we find the graph in
figure 2.

Figure 2: The steady state conductance as per Eq.
(2.5) for different voltages. When plotting it together
with the tanh function, we can see that it matches its
nonlinear behavior.

Because g∞(V ) roughly approximates a hyperbolic tangent
function, and tanh is widely used as an activation function
in machine learning [40], we conclude that g∞ can take its
place in machine learning tasks. We will be able to exploit
these nonlinear properties later when we talk about Echo
State Networks in the next chapter.

2.4 Linear SVM
Other SVMs also exist. One specific example of note is
the linear SVM. This SVM still obeys the dynamics as de-
scribed by Eq. (2.4), but unlike the nonlinear steady state
conductance as described earlier, g∞(V ) takes on a linear
form [41]. In this case, we may write g∞(V ) = gl0 + bV ,
where we let b be some coupling constant with units con-
ductance per volt. The dynamics of this memristor then
become:

I(t) = gl(t)V (t) (a),

ġl(t) =
gl0 + bV − gl(t)

τ
(b)

(2.6)

This concludes all prerequisite knowledge on memristors.
In the next section, we shall start working towards a net-
work using these SVMs as building blocks.
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3. Echo State Networks

In this section, we will be working towards a physical mem-
ristive device designed to process temporal data. The de-
vice we will be turning physical to predict this temporal
data is a recurrent neural network called an Echo State
Network. For this goal, we will first review some basic ma-
chine learning.

3.1 Recurrent Neural Networks

In the study of neural networks, a recurrent neural network
(RNN) is a network of nodes (neurons) designed to process
sequential data and discover patterns within said data [42].
An RNN consists of three layers: the input layer, hidden
layer and output layer. We call such an RNN deep if the
hidden layer consists of multiple layers. To start, an input
is passed into the input layer. Some function then maps the
value at each node of the input to a value on some node
in the first hidden layer. Then, each layer maps to the
next using some function, until the output layer is reached.
The results are then read out, and the model is trained
to read out this output and convert it into a result. The
state of each layer changes as the input propagates through
the layers. The term recurrent in recurrent neural network
stems from the fact that the previous state of a hidden layer
is also passed into the new state of that same layer in some
arbitrary way. The structure of such a network can be seen
in figure 3.

Figure 3: An example network topology for a Recurrent
Neural Network. Hidden layers are represented with
dotted lines, and black arrows are used to represent the
recurrent step.

RNNs are well suited to processing timeseries, as they do
not only observe the current state, but also know about
every previous state through the recurrence. To better il-
lustrate this fact, let us first state a general mathematical
formulation of such an RNN [43].

Definition 2 (Recurrent Neural Network). Let
Ut ∈ Rp and Ot ∈ Rq be some p-dimensional input
and q-dimensional output respectively, both at time
t. Furthermore, let (H1

t , ...H
L
t ) be a tuple of L ∈ N

hidden layers, with H
(l)
t ∈ Rnl and nl the number

of nodes in the l-th hidden layer. Finally, let θ, ϕ
be sets of arbitrary parameters. Then, a recurrent
neural network with L hidden layers is a dynamical
system of the form:

H
(1)
t = f (1)

(
H

(1)
t−1, Ut; θ

(1)
)

H
(l)
t = f (l)

(
H

(l)
t−1, H

(l−1)
t ; θ(l)

)
Ot = G

(
H

(L)
t ;ϕ)

(3.1)

with f l and G being arbitrary functions with do-
mains given by the Cartesian product of the do-
mains of the inputs, that define the connections be-
tween nodes in the network.

As we can see, the hidden layer state acts like a summary
of all previous states. In that way, our model can more
easily remember the entire timeseries.

The parameters θ and ϕ are learnable. Through learning
these parameters, the network will adapt its internal dy-
namics so that the output layer matches more and more
closely with the desired targets. However, training these
parameters can be computationally demanding and suffers
from the vanishing and the exploding gradient problem [44–
46]. This makes it nearly impossible to implement an RNN
in physical hardware. A solution to these problems comes
from a specific type of Recurrent Neural Network, called an
Echo State Network.

3.2 The Echo State Network
As training the parameters of the hidden layers is an ex-
pensive operation that is prone to problems, a good simpli-
fication would be to fix the hidden layer, and instead learn
to interpret the output layer. Figure 4 gives a visual on
what such a network would look like.

Figure 4: An echo state network. Here, the recurrent
relationship is encoded by the edges between nodes in
the reservoir layer. Note that each node will connect to
itself, representing the linear leaking term in Eq. (3.3).

Here, the hidden layer is called the reservoir and has
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only one layer. If we mathematically view the edges (in-
ter)between layers as matrices, we would have three matri-
cesW to deal with: W in, the edges between input layer and
reservoir nodes; W r, the edges between nodes in the reser-
voir layer; and W o, the edges between the reservoir nodes
and the output nodes. For a small example, let us look
at the following toy ESN and define what these matrices
would look like:

Figure 5: A simple ESN with small input, output and
reservoir layers. The self edges representing the leaking
term are ignored.

For simplicity, let us assume each of the edges is weighted
with 1. Then, the matrix is simply the connectivity matrix
of the network. We find

W in =


1 0
0 1
0 0
0 0

 ; W r =


0 0 0 0
1 0 1 0
0 1 0 0
0 0 1 0

 .

Then, we would train the output matrix W o for our
specific task. In an ESN, only W o is trainable, and the
rest are fixed properties of the system. This greatly
reduces computational complexity of this machine learning
method. Besides this, having a fixed internal weight ma-
trix also makes it easier to realize ESNs in physical circuits.

The final component we need to mention before moving
on to the mathematical definition of an ESN is the Echo
State Property (ESP). Heuristically, the ESP tells us that
an ESN is able to forget its initial conditions, such that the
internal state of the reservoir will entirely depend on the
past history of the input signal after a certain amount of
time has elapsed.

Definition 3 (Echo State Property). An ESN with
reservoir states x(t) has the Echo State Property
if for any compact C ⊂ RK and any two start-
ing states x(0) and x′(0), there exists a sequence
(δh)h=0,1,2,... that converges to 0 such that for any
input sequence (u(t))t=0,1,2,... ⊆ C it holds that

∥x(h)− x′(h)∥ ≤ δh. (3.2)

From this, we can state a formal definition of an ESN. Here,
we shall consider the discrete case, where we evaluate the
dynamics of the ESN at discrete timesteps. Furthermore,
we shall use lowercase letters to distinguish the ESN from
the more general RNN.

Definition 4 (Echo State Network). Let f be some
non-linear function f : Rn → Rn, and let x ∈ Rn
and o, u ∈ Rd be states at discrete time t ∈ N. Fur-
thermore, let α ∈ [0, 1]. A Leaky Echo State Net-
work is an RNN with 1 hidden layer, which we call
the internal reservoir, having the ESP and obeying
the following dynamical equations:


x[t] = αf

(
W rx[t-1] +W inu[t-1]

)
+ (1-α)x[t-1]

o[t] =W ox[t]

(3.3)
where W r ∈ Rn×d (a matrix with sparsity s) and
W in ∈ Rn×n are fixed, and Wo ∈ Rd×n is to be
trained using target samples.

Here, we call α the leaking rate, and observe that setting
α = 1 leaves us with an ESN without any leaking. In
literature, both leaking and non-leaking ESNs are used
[47, 48], so we have decided to provide a general definition
covering both these cases.

To complete our model of the ESN, let us look at how to
extract the output matrix Wo from this model. The easiest
way to do this is to optimize our output matrix using ridge
regression. This provides a combination of a least squares
metric that tries to optimize correctness of the model and
a quadratic ridge term meant to prevent overfitting, tuned
by λ ≈ 10−6. We get the following equation, which we can
easily solve numerically:

Ŵo = argmin
Wo

(
||Wox[t]− u[t]||+ λ||Wo||2F

)
,

where ∥ · ∥ is the usual Euclidean norm, and ∥ · ∥F is the
Frobenius norm on matrices:

∥A∥F =

√∑
i

∑
j

|Aij |2.

3.3 Memristor-based ESN
Having created a model of ESNs, let us finally look at how
such a network can be achieved using iontronic memristors.
For this physical implementation, we will be using the
conical SVM as introduced in section 2.3, while following
the outline of [19]. To guide this section, let us first
introduce what an ESN would look like using SVM’s, to
then derive that such a circuit indeed obeys Eq. (3.3).

From Fig. 6, we can see what components make up a
single reservoir node in our ESN. Each node has an input
terminal and an output terminal, where in the middle
a parallel resistor and memristor make sure that the
nonlinear update behavior at each node is captured. Not
shown here are the connections from the input and output
layer. We can imagine that at each input terminal of a
reservoir node, an edge from the input layer may exist,
and similarly to the output layer from the output terminals.

Now, between each of the terminals, we will have a current
flowing in parallel. The value of the resistor at each node
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Figure 6: A slice of the topology of a physical ESN.
At each node, we have a resistor and memristor that
define the state of the node (right ellipse) based on the
current that is put into the node (left ellipse).

is chosen specifically to be the steady state conductance
at zero volts, g0. This is done to make sure that the
peripheral circuit that encodes the voltage update rules
has a reference current from which it can update the
voltage without needing to know the exact voltage value
at each terminal. These current-to-voltage exchanges
will thus be handled by the peripheral circuit, which is a
quite standard procedure in the world of neuromorphic
computing [49]. By the voltage over the node, a current
is created. The current through the reference resistor of
the i-th node will then be of value Ii,0 = g0V (t), while
the current through the memristor will be the standard
memristor value Ii = gi(t)Vi(t) as per Eq. (2.4)a.

The peripheral circuit is set up in such a way that for a
network as in Def. 4, the voltage over node i at time t is
described by

Vi(t) =
∑
j

W r
ij

( Ij
Ij,0

− 1
)
+

∑
j

W in
ij uj(t). (3.4)

Finally, we conduct some simplifications on the conical
SVMs to make the correspondence with an ESN work.
Firstly, we simplify the circuit by making all SVMs phys-
ically identical. The proof that will follow also extends to
when this is not the case, but for this thesis, that case is ir-
relevant. Secondly, we convert the memristor conductance
to a normalized dimensionless conductance to better match
the state variable of the ESN model to this conductance.
The dimensionless and shifted conductance g̃(t) will be de-
fined as

g̃i(t) =
gi(t)− g0

g0
,

g̃i,∞ =
gi,∞(Vi)− g0

g0
.

(3.5)

We are now ready to prove our correspondence.

Theorem 1 (Correspondence to ESN). Let our
circuit be as in Fig. 6, and let the memristors
be identical with conductance normalized as in Eq.
(3.5). Furthermore, let some peripheral circuit be
introduced so that voltage updates based on current
as in Eq. (3.4). Then, there is a correspondence
between this circuit and the mathematical definition
of an ESN (4).

Proof. First, observe that Eq. (2.4)b turns into the dimen-
sionless equation

˙̃g(t) =
1

g0

(
g∞(Vi)− g0

)
−

(
gi(t)− g0

)
τ

=
g̃∞(Vi)− g̃i(t)

τ
.

Then, we can see from Eq. (3.4) that

Vi(t) =
∑
j

W r
ij

( Ij
Ij,0

− 1
)
+

∑
j

W in
ij uj(t)

=
∑
j

W r
ij

(gj(t)Vj(t)
g0Vj(t)

− 1
)
+

∑
j

W in
ij uj(t)

=
∑
j

W r
ij

(gj(t)− g0
g0

)
+

∑
j

W in
ij uj(t)

=
∑
j

W r
ij g̃j +

∑
j

W in
ij uj(t).

where we used the definition of the dimensionless conduc-
tance as per Eq. (3.5). Note that the second line may have
division by zero. However, as the same term appears in the
numerator and denominator, we assume for Vj(t) = 0 that
we may take the limit of this division, which is 1. From
here, we can cast this into a vector form to find:

V (t) =W rg̃ +W inu.

Inserting this equation for V (t) into our SVM equation of
motion, we find:

˙̃g =
g̃∞(W rg̃ +W inu)− g̃(t)

τ
.

Finally, taking the Euler Discretization of this equation of
motion, now simplifying our vector notation back to the
usage of g with this representing the dimensionless vector,
we have:

g[t+ 1]− g[t]

∆t
=
dg

dt
[t]

Inserting this into our equation, we finally find

g[t] = αg∞
(
Wrg[t−1]+Winu[t−1]

)
+(1−α)g[t−1] (3.6)

where we have taken α = ∆t
τ

, which we shall call the
leaking rate, as it mimics the leaking term in the li-ESN.
Note that for α to have domain [0, 1], we will be enforcing
∆t < τ for our physical circuit.

The correspondence is now clearly visible, where we point
out the correspondences:

• g∞ ∼ f , the nonlinear function as in Fig. 2.
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• g[t] ∼ x[t], the dimensionless state variable

• o[t] = Wog[t], which can be achieved by means of the
peripheral circuit reading the outputs at each terminal
node.

This proves that we have a correspondence between our
physical circuit and the ESN.

3.4 Simulation of the physical ESN

Now that we have shown that a physical ESN network is
achievable using memristors, we will look into how well this
Echo State Network actually functions when simulated.

The Echo State Network source code functions in a few
steps, and requires nothing more than initialization of the
hyperparameters of the system and some input sequence
that we wish to learn. For the ESN, the hyperparameters
of note are laid out in Appendix B, along with the default
values used in the simulations

Here, we let W in and W r be scaled by some scalar, in
order to make tuning of these matrices more intuitive
in the codebase. Finding a good set of hyperparameters
will always depend on the task at hand, and specifi-
cally the value of τ will have to be adjusted to fit the
internal timescale of the timeseries we are trying to predict.

For us to test out how effective the model is at predicting
near-chaotic timeseries, let us introduce the series on which
we will be basing must of our metrics.

Definition 5 (Mackey-Glass series). Let
ζ, η, θ, n, t ∈ R>0, and let x : R → R be some
continuously differentiable function. Furthermore,
let ϕ : [−θ, 0] → R be some arbitrary function.
Then, the Mackey-Glass equation is the differential
equation:

dx
dt

= ζϕ(t−θ)
1+ϕ(t−θ)n − ηx(t), t ∈ [0, θ]

dx
dt

= ζx(t−θ)
1+x(t−θ)n − ηx(t), t > θ

(3.7)

This series is a so-called delay differential equation,
and its behavior mimics that of certain biological pro-
cesses like the production of blood cells [51]. Note
that we used non-standard symbols for the different
parameters to avoid confusion with our main definitions.
Standard values to use for ζ, η, θ and n are 0.2, 0.1, 17
and 10 respectively [19, 52, 53]. Figure 7 shows what
such a timeseries may look like using these standard values.

For the simulation, we will try to use the ESN to predict
the Mackey-Glass series. More details follow in Section 7.3.
To measure accuracy of our prediction, the Valid Prediction
Time measure is used [54, 55].

Figure 7: An example of the Mackey-Glass series for
θ = 17, which is chaotic in nature.

Definition 6 (Valid Prediction Time). Let y(t)
be the timeseries we wish to predict, and ỹ(t) its
predicted value. Then, the Valid Prediction Time
(VPT) is defined as:

tVPT = mint
{(
y(t)− ỹ(t)

)2
var(y)

> δ} (3.8)

Here, the value δ = 0.4 is commonly used in litera-
ture [54, 55].

We will return to the specifics on simulating the ESN in
Chapter 7, and will look at our results in Chapter 8. How-
ever, having some basic knowledge of the simulation helps
contextualize the coming chapters. For now, we would first
like to focus on the theory of chaos, how to measure it in
systems, and why it is desirable in Echo State Networks.
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4. Chaos theory

Dynamical systems are a large part of nature, from cellular
processes to population dynamics. Classifying these
dynamical systems, we can view them as either being
chaotic or non-chaotic. In the non-chaotic case, small
changes in initial conditions will produce predictable and
small changes in time. On the contrary, chaotic systems
will see small initial changes blow up in what is called the
butterfly effect in mainstream media.

Non-chaotic systems tend to converge to a stable value and
lose information on the internal dynamics, while chaotic
systems tend to diverge and lose causality in output. Both
of these properties are not ideal for systems that need to
adapt to their environment. Because of this, most dynami-
cal systems find themselves working a balancing-act, trying
to stay as close as possible to the interface between chaotic
and non-chaotic [56]. Machine learning systems like our
ESN is another example of systems that perform best at
the edge of chaos [57]. To better explore this, let us try to
understand what it means exactly to be performing at the
edge of chaos.

4.1 Maximal Lyapunov Exponent

The most common way to mathematically express the no-
tion of whether small changes in initial conditions also lead
to small changes in eventual state through a systems Lya-
punov exponents. In particular, the Maximal Lyapunov
Exponent (MLE) is commonly used to discern between or-
dered and chaotic dynamics. It is defined as follows:

Definition 7 (Maximal Lyapunov exponent).
Consider a discrete dynamical system with state x[t]
and let x0 be its initial condition. Now, let a sec-
ond trajectory start from the perturbed initial condi-
tion x0 + δ0, where ∥δ0∥ is infinitesimal. Denoting
the separation between the two trajectories at time t
by δ(t), we define the Maximal Lyapunov Exponent
(MLE) as:

λmax = lim
t→∞

lim
∥δ0∥→0

1

t
ln

∥δ(t)∥
∥δ0∥

.

where for sufficiently small perturbations, the sepa-
ration will evolve as:

∥δ(t)∥ ≈ eλmaxt∥δ0∥.

Here, we can see that λ < 0 leads the perturbation
to converge to zero. Likewise, a λ > 0 will cause the
perturbation to grow exponentially. The edge of chaos we
are looking for lies exactly at the interface, at λ ≈ 0.

To compute the Lyapunov exponent for our discrete ESN,
we will first be turning to a more theoretical basis to prove
that it is actually meaningful to compute Lyapunov expo-
nents for such complex orbits as with an ESN. Here, we will
be employing measure theory [58].

Theorem 2 (Oseledets Multiplicative Ergodic
Theorem [59]). Let the triple (M,A, ρ) be a prob-
ability space and let τ : M → M be a measure-
preserving map. Let T be a measurable function
from M to the space of all real m × m matrices
such that

log+ ∥T (·)∥ ∈ L1(M,ρ)

and
Tnx = Tτn−1(x) · · ·Tτ(x)Tx.

Then there exists a Γ ⊆ M with ρ(Γ) = 1 and
τ(Γ) ⊆ Γ, such that the following holds for all
x ∈ Γ:

1. Λx := limn→∞((Tnx )
∗Tnx )

1/2n exists.

2. Let expλ
(1)
x < · · · < expλ

(s)
x be the dis-

tinct eigenvalues of Λx, where s = s(x), the
λ
(r)
x are real, and λ

(1)
x may equal −∞. Let

U
(1)
x , . . . , U

(s)
x be the corresponding eigenspaces

and set m(r)
x = dimU

(r)
x . The functions x 7→

λ
(r)
x and x 7→ m

(r)
x are τ -invariant. Define

V
(0)
x = {0} and

V (r)
x = U (1)

x ⊕ · · · ⊕ U (r)
x , r = 1, . . . , s.

Then for all u ∈ V
(r)
x \ V (r−1)

x , 1 ≤ r ≤ s,

lim
n→∞

1

n
log ∥Tnx u∥ = λ(r)

x .

From this theorem, we are able to identify the phase space
of the dynamic system with M , and we can see that τ
corresponds to the dynamical equation that drives the
conductance g ∼ x forward. Then, what the first part
of the theorem tells us is that the Lyapunov exponents
exists. The second part of the theorem tells us that the
Lyapunov exponents are τ invariant, i.e. unique to the sys-
tem and independent of the trajectory through phase space.

Furthermore, from theorem 2, we can identify the Jacobian
matrix J as a measurable function from M to the space of
real m ×m matrices where the chain rule of the Jacobian
gives us that

Jnx = Jτn−1(x)...Jτ(x)Jx (4.1)
With the Lyapunov exponents thus being given by

λ(r) = lim
n→∞

1

n
log ∥Jnx u∥, u ∈ V (r)

x \ V (r−1)
x , (4.2)

where \ represents the set difference. For the chaotic
behavior of the system, we are interested in the maximal
Lyapunov exponent λ(s), which dominates the long-term
growth of perturbations. By the Oseledets theorem, this is
given by the largest eigenvalue of the limit matrix Λx, and
is again τ -invariant along the orbit.

To compute this in practice for the ESN, we note that di-
rectly evaluating Jnx is computationally difficult for large n,
as the matrix product grows with the trajectory. Instead,
we will work by tracking a vector u ∈ V sx / V

s−1
x forward

under the action of the Jacobian at each step, normalizing
it to take care of numerical overflow:

λ ≈ 1

n

n−1∑
t=0

log ∥Jft(x) ût∥ (4.3)
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where ût is the normalized tangent vector at step t. This
sum converges to the maximal Lyapunov exponent as
n→ ∞, as guaranteed by Oseledets theorem.

Besides this theoretical method, one can convince them-
selves that a good way to measure the chaotic behavior
heuristically is to look at eigenvalues of J directly at
different times. The closer they remain to the unit circle,
the more the system tends to the edge of chaos. For
eigenvalues of low magnitude, we can presume the system
behaves non-chaotically. If the eigenvalues remain above 1
in magnitude, the system will have chaotic behavior.

Then, instead of going off of equation (4.3) directly, we
will be looking at the Jacobian eigenspectrum to see how
the vector u is perturbed by this Jacobian matrix through
time, a measure that we will further validate in the next
chapter when we talk about the Edge of Stability Echo
State Network.

4.2 Disclaimer
Now, we have a method of computing the Lyapunov
exponents, using Oseledets theorem to give us a theoretical
baseline to go off on. The problem, however, is that we
have completely ignored the input sequence on which
our dynamical system depends. The literature on chaos
theory is mostly based on autonomous dynamical systems
of the form x[t] = f(x[t − 1]) with f some function. For
our Echo State Network, however, we are dealing with a
non-autonomous dynamical system. For such systems, we
have that x[t] = f(x[t − 1], u[t − 1]), i.e. the dynamics are
not only driven by how the internal state evolves, but also
by some external input. This is a problem often ignored
in machine learning research [60], and much research on
these systems is still open [61].

Because of this, we must note that the general notions
of ergodicity on which modern chaos theory relies do
not necessarily apply to our specific case of the Echo
State Network. However, it has recently been shown that
the Mackey-Glass system for ζ > η admits a non-trivial
invariant measure [61]. In this same paper, numerical
evidence strongly suggests it is ergodic, so that we will
assume this is the case for the sake of simplicity. With this
the case, we are still allowed to use Oseledets theorem [62],
so that our initial methods are still suggested to be valid.

Going into more depth on this topic goes beyond the scope
of this thesis, but it is good to know that even though
usually non-autonomous dynamics are ignored for machine
learning research, there is a strong basis based on [61] to
assume that our methods of calculating the Lyapunov ex-
ponents still hold.

4.3 Chaos analysis of the ESN
Returning briefly to the heuristic evaluation of chaos of
a dynamical system based on the instantaneous Jacobian
eigenspectrum of the dynamic equation, we can look at
this spectrum for our ESN to get a feel for how chaotic
the system is. For different measurements in time and for

different leaking rates, the result of this eigenspectrum are
overlaid in Fig. 8.

Figure 8: The Jacobian Eigenspectrum of the ESN for
initial values as in [50] and increasing values of the
leaking rate α. As we can see, the leaking rate does
not influence the spectrum much, and most values are
clustered near the center of the graph.

This heuristic is exactly the motivation for this study.
With the Jacobian eigenvalues at individual times being
this low, we can conclude that this physical implementation
of an ESN does not operate near the edge of chaos regime.

The rest of this research will be structured around finding
a solution to this problem, studying a new circuit topology
in the hopes of showing that this does a better job at edge
of chaos behavior, so that we may improve on the results
of this current ESN.
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5. Edge of Stability ESN
The solution we propose is based on the theoretical model
of Edge of Stability Echo State Networks, which from now
on will be abbreviated as ES2Ns. The model of these
ES2Ns was proposed by Ceni and Gallicchio in 2023 [63].

The main idea of these ES2Ns is that we introduce an or-
thogonal matrix to the linear part of the dynamic equation.
In the original ESN as described by Eq. (3.3), the linear
leaking term (1− α)g[t− 1] looks a bit like a decay matrix
where each eigenvector of the system has eigenvalue with
value (1 − α). The main addition that the ES2N model
introduces is that these singular eigenvalues will be dis-
tributed over a circle, effectively decoupling the memory
timescales of the system and adding favorable theoretical
properties in the process.

5.1 Definition of the ES2N
To get a feeling for what an ES2N actually entails, we will
start by stating its definition and building intuition on what
such a network would look like in general.

Definition 8 (Edge of Stability Echo State Net-
work). Let f be some non-linear function f : Rn →
Rn. Furthermore, let β ∈ [0, 1]. Finally, let O be
some arbitrary orthogonal matrix. An Edge of Sta-
bility Echo State Network is an RNN with 1 hidden
layer, which we call the internal reservoir, obeying
the following dynamical equations:


x[t] = βf

(
W rx[t− 1] +W inu[t− 1] + c

)
+(1− β)Ox[t− 1] + g(u[t− 1])

o[t] =W ox[t],

(5.1)
where W r and W in are fixed and W o is to be trained
using target samples. Furthermore, c is a general
constant that may be zero, and g is some function
that does not depend on the state x.

As we can see, the definition closely mirrors that of Def. 4,
only differing in the addition of an orthogonal matrix and
some extra generalizations. Nonetheless, this additional
matrix provides exactly what we need from the network in
order to lift the standard ESN to the edge of chaos regime.

In this model, we randomly select some arbitrary orthog-
onal matrix, but are allowed to constrain it beyond the
necessary constraint of it being orthogonal. This allows us
to, for example, have its non-zero entries correspond to the
non-zero entries of the internal matrix W in. Theoretically,
the matrix is thus also allowed to be sparse, although it is
difficult to uniformly sample a random orthogonal sparse
matrix. Nonetheless, this allows some extra flexibility in
this matrix.

For an example of an ES2N, we can look at Fig. 9

Figure 9: An example scheme of the ES2N. Here, the
self edges of Fig. 4 are removed, and replaced by a
dense array of edges representing the Orthogonal ma-
trix of Def. 8.

Of course, Fig. 9 is not the only topology possible, and
we can convince ourselves that it is not a trivial extension
of the physical ESN as per Fig. 6. Fortunately, we only
need the dynamic equation to match to make use of all the
interesting properties we will discuss and prove in the next
subsection, and we will see that there is a way to make a
circuit match these dynamics in section 6.

5.2 Mathematical properties
Let us build up the mathematical properties of the ES2N
from the ground up. For this, we will first be defining
some constants.

Let us start by denoting the continuous ES2N reservoir up-
date rule as X(u, x) = βf

(
W rx+W inu+ c

)
+(1−β)Ox+

g(u). Its derivative can then be written as:

∂X

∂x
(u, x) = βD(u, x)ρW r + (1− β)O (5.2)

D(u, x) := diag
(
f ′(ρW rx+ ωW inu+ c)

)
(5.3)

where we have taken the prefactors ρ and ω out of the
matrices W r and W in, respectively. These will aid us in
our future proofs. The diagonal matrix D has a supremum,
which we shall denote by γ := supu,x ∥D∥.
We denote for a specific input-driven trajectory {u[t], x[t]}
for 0 < t < T the jacobian map of (5.2) to be:

J [t] =
∂X

∂x
(u[t], x[t]) (5.4)

Lastly, we denote the maximum singular value of the
matrix ρW r to be σ := ∥ρW r∥.

We are now ready to prove that our system has the Echo
State Property as per Def. 3, and that it is just a system
that does not depend on its initial condition in the limiting
case.

5.2.1 ES2N ESP

For this proof, we will be following in the footsteps of [63,
64]. This is the most important result we will prove, as it
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proves that our new network is of the same class and can
solve the same class of problems as our original ESNs.

Theorem 3 (ES2N Echo State Property). Let our
ES2N be defined as in Def. 8, and let |f ′| ≤ 1,
σ < 1 and β > 0. Then, the ES2N has the ESP for
all inputs.

Proof. Following the proof structure of ([64], Proposition
3), proving this is equivalent to proving that

∥∂X
∂x

∥ < 1

for all x, u. From the Triangle Inequality and Cauchy
Schwarz inequality, we can see that:

∥∂X
∂x

∥ = ∥βD(u, x)ρW r + (1− β)O∥

≤ ∥βD(u, x)ρW r∥+ ∥(1− β)O∥
≤ β∥D(u, x)∥σ + (1− β)∥O∥

Where we can finally use that we presumed |f ′| ≤ 1 and
σ < 1 combined with the fact that ∥O∥ ≤ 1 for orthogonal
matrices to arrive at the conclusion that

∥∂X
∂x

∥ ≤ β∥D(u, x)∥σ + (1− β)∥O∥

< β + (1− β) = 1

Thus, we can conclude that the ESP holds.

Next, we will prove two results related to the eigenvalue
spectrum of the Jacobian of this new system.

5.2.2 Annular Eigenvalue Spectrum

Next, we prove the fact that the eigenvalue spectrum of
the ES2N is annular, even when the orthogonal matrix O
is sparse. This result will show us that the eigenvalues will
always be spread across a circle (decoupling them) and are
restricted to some controllable region.

Theorem 4. Let us consider an ES2N model whose
state update equation is given by eq. (5.1), and re-
call the definitions of σ and γ. Then, the eigenspec-
trum of the Jacobian of the ES2N map is confined
in the annular neighbourhood of radius βγσ of the
circle centered in the origin of radius 1− β. In for-
mulas, for each eigenvalue µ of the Jacobian matrix
there exists a θ ∈ [0, 2π) such that∣∣∣(1− β)eiθ − µ

∣∣∣ ≤ βγσ. (5.5)

We will prove this using the Bauer-Fike theorem [65].

Proof. Define A = (1−β)O and E = βD(u, x)ρWr, so that
the Jacobian of the ES2N model is ∂X

∂x
(u, x) = A+E. The

matrix O is orthogonal, hence there exists a unitary matrix
V such that O = V ΛV −1, where Λ is the diagonal matrix
of the eigenvalues of O. In particular, each eigenvalue of O
is of the form eiθ, for some argument θ ∈ [0, 2π), due to the
orthogonality of O. Therefore, A = (1− β)V ΛV −1, and all
eigenvalues of A have the form (1−β)eiθ, for some argument

θ ∈ [0, 2π). In other words, all the eigenvalues of A lie on
the complex circle centered in the origin with radius (1−β).
Now, since V is unitary, we have that ∥V ∥ = ∥V −1∥ = 1.
Therefore, the Bauer-Fike theorem tells us that for each
µ eigenvalue of ∂X

∂x
(u, x) there exists a complex number

λ = (1− β)eiθ such that∣∣∣(1− β)eiθ − µ
∣∣∣ ≤ ∥βD(u, x)ρWr∥ ≤ βγ ∥ρWr∥ = βγσ.

(5.6)
This effectively proves our result when we take into consid-
eration the definition of the Jacobian of our system.

Besides showing the annular region, we can see that the
tightening is controlled in part by hyperparameter β. The
annulus can be tightened to make the actual eigenvalue
spectrum more stable and controllable. This is the final
property on which we would like to expand.

5.2.3 Tunable Lyapunov exponent

Finally, we wish to state a property using a heuristic argu-
ment. We know that all eigenvalues are bounded to a tight
annulus. From there, we can specifically denote that

1− β(1 + γσ) ≤ |µn| ≤ 1− β(1− γσ)

Now, taking logarithms and applying first order approxi-
mation log(1− β) ≈ −β for small β, we can see that

−β(1 + γσ) ≤ log(|µn|) ≤ −β(1− γσ)

Assuming that the eigenvalues of the Jacobian are dis-
tributed approximately uniformly across the annulus, we
estimate the maximal Lyapunov exponent to then be the
average of the logs of these eigenvalues (4.3), i.e.

λmax ≈ 1

2
[−β(1 + γσ) + (−β(1− γσ))] = −β (5.7)

From this, we conclude that for whatever arbitrarily small
β we choose, we can get an Maximal Lyapunov Exponent
that approaches zero from below. That is, for small β, our
system approaches the Edge of Stability from stability.

From these properties, we conclude it would be fruitful to
look for a physical way to extend our original circuit to an
ES2N circuit.
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6. Physical ES2N
In this section, we will aim to create a physical implemen-
tation of the ES2N. To get back at our original goal of
lifting the existing circuit to the edge of chaos regime, we
will try to build on top of the original model introduced in
section 3 by adding minimal changes, so that it is a logical
step forward that does not become much more difficult to
realize.

The main problem that we are facing is that we are trying
to create orthogonal coupling between nodes in the circuit
outside of the non-linear update rule. Because of this,
it is not as easy as adding connections of memristors
between the different nodes, as this will just result in
more non-linear complexity that does not translate to the
non-linear part. With the circuit implementation that we
had, there were three main roads that would lead to some
linear response: changing either the device dynamics or
the peripheral circuit, or introducing new circuit elements.

In terms of the device dynamics, this would not be
a great solution in our case. Conical fluidic iontronic
devices already live at the interface of what experimentally
realizable, and any more complexity would cause delay
in experimentation. If this were not a problem, however,
the way forward would be to have ions in channels share
a larger pool of ions from which ions could flow between
the different memristors, thus effectively bypassing the
nonlinear update rules. The theory on this has, however,
not been researched yet, and wether this road is worth
exploring is yet unknown.

The second approach would be to change the peripheral
circuit. We could take the nonlinear input and linearize
it, for example. This, however, is not a trivial matter [66],
and will cause the peripheral circuit to consume much
more energy. This is undesirable, and not a satisfactory
solution to our problem.

Finally, we could try to add new circuit elements. The
nice part about working with conductance is that Kirchhoffs
laws tell us that they are additive in parallel. As it turns
out, using the Linear Conical Memristors as introduced in
Def. (2.6), we are able to achieve exactly our goal. In this
section, we will be exploring the resulting physical circuit.

6.1 ES2N circuit
The ES2N circuit we propose is formed by the addition of a
singular linear conical memristor element at each node, in
parallel to the already existing circuit elements of Fig. 6.
We have updated that circuit to match our new topology
in Fig. 10.

We immediately stumble onto one limitation on the or-
thogonal matrix from this topology; the orthogonal matrix
must encode the same edges as the internal reservoir of
the system. We could theoretically work around this
constraint, for example by branching the connection at
the nonlinear memristor directly into different nodes, but
the mathematics become more messy this way, and we

Figure 10: A slice of an ES2N. Here we have at each
node a linear and nonlinear memristor, and a resistor,
all in parallel. The total conductance and current here
are taken over both pathways that contain memristors.
We can then view this as essentially one larger mem-
ristor with a given total conductance Gi(t).

do not truly gain anything from doing this besides added
complexity. The main reason why we can still have this
work is that both the internal reservoir and orthogonal
matrix are allowed to be both sparse and randomly
instantiated. Thus, this added constraint does not bother
us.

From this point forward, we will be using tES2N when re-
ferring to the theoretical ES2N, and pES2N when referring
to the physical circuit in 6. Specifically:

Definition 9. (tES2N and pES2N) We define
the tES2N as the theoretical model of an Edge of
Stability Echo State Network, obeying the general
definition of Definition 8.

We define the pES2N as the physical memristor-
based implementation of such a tES2N, with
internal state obeying Eq. (6.3) and generation
of the orthogonal matrix being constrained as per
Section 7.2.

For both systems, default hyperparameters are given
by Appendix B.

6.2 Mathematical pES2N
We will start of our model in much the same way we did
for the theoretical ESN: by proving that there is indeed
a correspondence between the pES2N and the ES2N. To
start this off, we will first need to look at voltage and
dimensionless total conductance of the system.

We can imagine at each node that there is a current flowing
in parallel between the two terminals. The value of the
memristor will once again be the steady state conductance,
where we must now define this steady state conductance as
the combined one for the linear and non-linear memristor.
As we have a linear and nonlinear memristor in parallel,
the total conductance is additive, and we can denote it by
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G = gl + g. Then, we can update the equation of motion
of this total conductance to be

I(t) = G(t)V (t) (a),

Ġ(t) =
gl0 + bV + g∞(V )−G(t)

τ
(b).

Now, we can make these equations dimensionless in the
same way we did for Eq. (6.1). Then, we find that:

G̃i(t) =
Gi(t)−G0

G0
, g̃i,∞ =

gi,∞(Vi)−G0

G0
,

b̃ =
bVc
G0

, g̃l0 =
gl0 −G0

G0

(6.1)

Here, the value ofG0 is now the steady state conductance at
zero volts for both memristors combined, so G0 = g∞(0) +
gl0, and Vc represents some reference voltage (set to 1 Volts)
to make the coupling dimensionless. Having dimensionless
values now makes it easy for us to use literature values for
those circuits for this circuit as well. Now, we set up our
peripheral circuit in the same way as for the ESN, so that
our voltage update rule matches Eq. (3.4). Now, everything
is set up for us to prove the following correspondence.

Theorem 5 (Correspondence to ES2N). Let our
circuit be as in Fig. 10, and let all memristors of the
same type be identical with conductance normalized
as in Eq. (6.1). Furthermore, let some peripheral
circuit be introduced so that voltage updates based
on current as in Eq. (3.4). Then, there is a corre-
spondence between this circuit and the mathematical
definition of an ES2N (8).

Proof. First, we note the dimensionless update rule for the
total conductance:

˙̃G =
1

G0τ

((
gl0 −G0

)
+

(
bV −G0

)
+

(
g∞(Vi)−G0

)
−

(
Gi(t)−G0

))
=
g̃l0 + b̃V + g̃∞(Vi)− G̃i(t)

τ
.

Then, we can see from (3.4) that

Vi(t) =
∑
j

W r
ij

( Ij
Ij,0

− 1
)
+

∑
j

W in
ij uj(t)

=
∑
j

W r
ij

(Gj(t)Vj(t)
G0Vj(t)

− 1
)
+

∑
j

W in
ij uj(t)

=
∑
j

W r
ij

(Gj(t)−G0

G0

)
+

∑
j

W in
ij uj(t)

=
∑
j

W r
ijG̃j +

∑
j

W in
ij uj(t),

where we used the definition of the dimensionless conduc-
tance of Eq. (3.5). From here, we can cast this into a vector
form to find:

V (t) =W rg̃ +W inu.

Inserting this equation for V (t) into our SVM equation of
motion, we find:

˙̃G =
g̃∞(W rG̃+W inu) + b̃W rG̃+ b̃W inu+ g̃l0 − g̃(t)

τ

Then, taking the Euler Discretization of this equation of
motion, now simplifying our vector notation back to the
usage of G to represent the dimensionless vector, we have:

G[t+ 1]−G[t]

∆t
=
dG

dt
[t]

Inserting this into our equation, we finally find:

G[t] =βg∞
(
W rG[t− 1] +W inu[t− 1]

)
+

(
I − β(I − bW r)

)
G[t− 1] + β(bW inu[t− 1] + gl0),

where I represents the identity matrix and β := ∆t
τ

is a pa-
rameter we call the proximity. We will simplify this further
by letting

β(bW inu[t− 1] + gl0) = C
(
u[t− 1]

)
.

Furthermore, we define

O :=
1

1− β

(
(1− β)I + βbW r

)
. (6.2)

Then, we can easily see that

(1− β)O =
(
(1− β)I + βbW r

)
= I − β

(
I − bW r).

Finally, we arrive at our equation for G[t]:

G[t] =βg∞
(
W rG[t− 1] +W inu[t− 1]

)
+ (1− β)OG[t− 1] + C

(
u[t− 1]

) (6.3)

The correspondence is now clearly visible, where we point
out the following correspondences:

• g∞ ∼ f , the nonlinear function as in Fig. 2.

• G[t] ∼ x[t], the dimensionless state variable.

• o[t] = Wog[t], which can be achieved by a peripheral
circuit.

• O a matrix we can constrain to be orthogonal by plac-
ing constraints on W r.

• C
(
u[t − 1]

)
∼ g(u[t − 1]) some state-independent ad-

ditional term.

This proves that we have a correspondence between our
physical circuit and the ES2N as described in Def. 8.

With this, we have proven that it is indeed possible to
lift our initial circuit as per Fig. 6 to an ES2N circuit
by means of some minimal adjustments to the circuits.
Namely, we require only that W r is constrained in a way
so that O as per Eq. 6.2 is orthogonal, and that we add
one additional linear memristor at each node. Because
our pES2N is of the same class as the tES2N, all of the
mathematical properties as proved in Section 5.2 still hold.

Off course, it still remains to be verified that this actually
produces the efficiency gain we expect it to. In order to
further validate our new circuit, the rest of this thesis will
focus on producing results through means of simulation.
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7. Modelling an ES2N
To start our simulation based research, we first have to
model our pES2N. In doing so, we will discuss the general
scheme for modelling any Echo State Network, and how we
train the output matrix W o to correctly translate internal
state to the next input state. Then, we pay attention to
modelling the defining characteristic of the ES2N in the or-
thogonal matrix. Finally, we look at the tests and measures
we will use to compare our different models.

7.1 Code overview
The code used for the simulations is written in Python, and
the codebase taken as inspiration is public on github [50].
The main program of running an Echo State Network can
be divided into 5 parts, as illustrated in Fig. 14.

Figure 11: An overview of the main steps our program
takes in computing results for our physical networks.

Let us quickly go over each of these steps. First, we
need to initialize our model by generating the random
matrices. For this, we will be employing pseudo-random
number generators. The main reason we wish to randomly
generate these matrices is so that we can draw conclusions
about our networks not just for specific configurations,
but in general for all configurations. For this to hold, we
will be looking at many random networks when doing
comparisons, so that we can assume the results we find
tend to their expected values. There is some nuance when
it comes to generating the orthogonal matrix, but we will
dedicate an entire section to that problem.

Next, we have our input series. For the main results in this
thesis, the Mackey Glass series will be used, as described
by Eq. (3.7). For such a series, it is important that
the hyperparameters of the network match the specific
problem and internal frequencies for optimal predictive

power. Because of this, hyperparameters like internal
memristor timescales have to be carefully selected to
give a fair comparison. These optimal scales are not
always obvious, and we will be employing the python
hyperparameter optimization framework "fortuna" to aid
us in this regard.

After this, we are ready to have dynamical system run,
using the input sequence to feed its input. We define a set
time length for which we will be training the model on this
input sequence, and we also define a washout period that we
ignore for training purposes, as the system will still need
to calibrate to match the input sequence well. After the
training time has been completed, we use ridge regression
to train our output model based on the input sequence. For
this, we remember that o[t] = W ox[t], and remember the
definition of ridge regression:

Definition 10 (Ridge regression). Let the tuple
(x[t], o[t]) ∈ Rn × Rm be a training sample at
timestep t ∈ [0, T ], where we define t = 0 as the
period after washout. Furthermore, let us define
W o ∈ Rm×n such that

ô[t] =W ox[t]

Let λ ∈ R. Then, ridge regression is the method of
finding some W o such that the function

T∑
t=0

∥W ox[t]− o[t]∥2 + λ∥W o∥2F (7.1)

is minimized. Here, the first term is the Mean
Square Error function, measuring correctness of the
matrix in matching the label o[t]. The second term
is called the Ridge term, which prevents overfitting
and reduces variance of Ŵ 0 over different training
samples.

The ridge regression as in Eq. (7.1) can be solved easily
by a numerical solver. Then, we are left with choosing a
suitable value of λ. To do this, the Optuna python package
[67] will be swept over some values on a logarithmic scale,
so that we can decide which ridge term works best for our
model.

After letting this new model run on its own, we will be able
to compute its Jacobian and Power consumption. For the
power consumption, we have a known voltage, so that it is
as simple as computing

P =
∑
i

GiV
2
i . (7.2)

Finally, some data analysis will be done, comparing the
generated output with the actual timeseries and trying to
understand how "well" the system adapts.

7.2 Orthogonal Matrix
Let us now pay some extra attention to the way the orthog-
onal matrix is constructed. Recall that Eq. (6.2) gives us
an exact constraint on what our physical orthogonal matrix
will look like. As the reservoir matrix W r is arbitrary, this
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also means that we can simply generate some matrix meet-
ing our requirements of orthogonality, and then have W r

follow from that random matrix. In that case, we invert
the equation to find:

W r =
(1− β)(O − I)

βb
(7.3)

Now, we are left with engineering O to meet our require-
ments of an orthogonal matrix. To start, we look at our
requirements. Our matrix O must be:

• Sparse, where we will define its sparsity to be of value
s. We want sparsity to be arbitrary and tunable, as
higher sparsity results in lower computational com-
plexity and cheaper builds.

• Orthogonal, as per the requirements of the ES2N.

• Randomly generated, as stated previously.

• Local, in so far that localization supplies the system
with a richer variation in dynamics. [68, 69].

Then, the first problem we will tackle is that of generating a
random orthogonal matrix with sparsity s. An orthogonal
matrix is a square matrix whose column vectors form an
orthonormal set, which is equivalent to saying that it is a
matrix Q for which:

QTQ = QQT = I

In literature, there are two main approaches to initializing a
sparse orthogonal matrix: Exact Orthogonal Initialization
(EOI) [70] and Sparsity Aware Orthogonal Initialization
(SAO) [71].

The EOI method is the truest form of random orthogonal
initialization, using Givens rotations [72] on an initial
identity matrix, where each iteration reduces the sparsity.
However, a limitation of this method is that sparsity is
hard to control, as the amount of rotations necessary to
reach a sparsity s depends on the randomly selected indices
(i, j) which are rotated, and if these rotations overlap.
Besides this, it is also difficult to enforce locality using
this method, as the rotations are randomly selected and
may be long-ranging. We will therefore not be using this
method, although this could be an interesting path to go
down if these issues can be overcome in some clever way.

The SAO method uses generates dense blocks along the
diagonal of the matrix, and afterwards permutes the rows
and columns. It is easy to see that permutations are
orthogonal matrices, as they are simply matrices with
unit column vectors, permuted in position. Furthermore,
a block-diagonal matrix whose diagonal blocks are each
orthogonal will also be orthogonal. This is a result of
the block structure, as the columns belonging to distinct
blocks are are parts of disjoint index sets, and therefore
orthogonal to one another, while columns within the
same block are orthonormal by assumption. Composition
of orthogonal matrices is also orthogonal, and thus we
are allowed to let these permutations act on this initial
block-diagonal matrix to form a random, sparse orthogonal
matrix.

The steps of our matrix initialization scheme will be:

1. Create random and dense blocks of size k × k along
the diagonal of the matrix.

2. For each of these blocks, make them orthogonal using
QR decomposition.

3. Permute the rows and columns of this matrix in some
locality-preserving way.

1) Formally, we let our orthogonal matrix have dimension
n× n, and we will that we have k × k sized blocks. Then,
we can fit ⌊n

k
⌋ of these squares, leaving one square of size

n− k⌊n
k
⌋. Then, the final resulting sparsity becomes

s = 1−
⌊n
k
⌋k2 +

(
n− k⌊n

k
⌋
)2

n2

This is not nicely invertible, though we can assume k divides
n to find the much more reasonable relation between k, n
and s, which is of the form

k = n(1− s) (7.4)

For our simulations, we will thus constrain our sparsity so
that k divides n, although we could also accept the more
complicated solution in case we do not mind having a slight
error in our sparsity. For a specific configuration, we will
then get a matrix that looks like this:

Figure 12: The block-diagonal matrix for n = 400 and
s = 0.95.

2) The process of QR decomposition to generate random
orthogonal matrices is already well-known [73], resulting
in a matrix R and orthogonal matrix Q. One important
thing to note is that the resulting orthogonal matrix Q
will not be unique, as there exists a sign ambiguity. The
fix to this would be to normalize the matrix by the sign of
the diagonal of R, as discussed by [73]. Then, this matrix
is, as we say, Haar-distributed, i.e. uniformly distributed
over the group of all Orthogonal matrices of size n. If we
then randomly permute our initial block-diagonal matrix,
we find Fig. 13.

3) Lastly, looking at localization, we extend our permu-
tations with a weighted probability function, so that not
all indices are chosen with equal probability for permuting.
Specifically, we let our probability of moving index i → j
be decided by a decay function

p(i→ j) ∝ e
min(|i−j|,n−|i−j|)

κ

Where κ is the decay factor and we take the minimum to
let boundary conditions wrap so that the matrix behaves
nicely at the boundaries. With this, the resulting matrix
becomes
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Figure 13: The orthogonal matrix after random per-
mutations for n = 400 and s = 0.95

Figure 14: The final orthogonal matrix after weighted
permutations for n = 400 and s = 0.95

Having done this, we have managed to create a random,
sparse, local, orthogonal matrix.

7.3 Methods
Finally, let us discuss the methods of measurement and
what we will be measuring in our simulations.

For our measurements, we will be comparing the original
ESN, the tES2N from [63], and our pES2N as per Eq. (6.3).
Each of these will be given the same (physical) activation
function g∞ as per Fig. 2, and sparsity, reservoir size and
training time will also be kept constant between them.

As discussed in Section 3, our main measure for effective-
ness will be the Valid Prediction Time as per Eq. (3.8).
We will be comparing the VPT on the Mackey Glass series
(3.7) for τ = 17. We will generate 100 different networks
of each type, and then compare the average VPT and its
variance. A higher VPT is generally better, and a lower
variance implies that the system is less dependent on the
initialization.

The next measure we wish to compute is the Jacobian
eigenspectrum per Eq. (5.4). The main complication
comes in the form of our activation function, whose deriva-
tive is non-trivial. Therefore, we use the method of central
differences to take the numerical derivative of this function.

We also wish to look at the power consumption. For
this, we will be using equation (7.2). This can be done
for each iteration, to give us a graph of the total power
consumption. Here, we will also be showing the normalized
power usage, so that we can compare the different graphs
in terms of shape (e.g. are the peaks positioned at
the same points, does the power usage follow the input
sequence?). Here, it is important to note that we will
only be computing the power usage of the reservoir. Any
external circuitry is thus ignored for the purpose of this
comparison. This will later be mentioned in the discussion
part of this thesis.

Regarding tests beyond the Mackey-Glass series, there
are naturally quite a lot of tests developed in the field of
Reservoir computing [74]. Using such standard tests will
make it easier to compare our extension of the ESN to its
original and to compare our results with literature.

One specific Prediction task which we would like to mention
is the Multiple Superimposed Oscillators task, or MSO for
short. The input sequence for this prediction task takes the
form of superimposed sine-waves, all normalized to a value
between -1 and 1. In literature, an MSO with 8 frequencies
(MSO8) is often used as a test that is intentionally ’impos-
sible’ to perform well at for the standard ESN [74, 75]. Let
us define this input more formally

Definition 11. (MSO8 timeseries) Let discrete
time be given by t ∈ N, and let w =
[0.2, 0.311, 0.42, 0.51, 0.63, 0.74, 0.85, 0.97]. Then,
we define the MSO8 timeseries at time t as

x(t) =
∑
i

sin(wit). (7.5)

We will be using the MSO8 benchmark as an additional
test on the ES2N, so that we can then observe if these
types of multi-frequency input sequences that are difficult
for standard ESNs can be learned by the new ES2N model.

Finally, we note that other tests exist that go beyond the
scope of this thesis. For future research specifically, we
would be interested to see how the physical ES2N performs
at predicting the Hénon map [76], computing the systems
Memory Capacity [77], imitating the Van der Pol oscillator
[78] and predicting the Larma 2 input sequence.

Having gotten an overview of some of the main benchmarks
and methods we will be employing, let us now get into the
results obtained by our simulations.
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8. Results
Let us now look at the results of our experiments. For this
section, we will be comparing the physical ESN with the
tES2N and pES2N. For all models, the hyperparameters
used are displayed in Appendix B. In case a certain hyper-
parameter is specifically important for a given observation,
we will note on this.

8.1 Jacobian Eigenspectrum
The Jacobian Eigenspectrum for each model is computed
by running a model for 4000 timesteps, and then computing
4 times throughout its run, at 1000 step intervals. This way,
we can be determine if the Jacobian changes through time.
These eigenvalues are then computed for different values of
α (for ESN) or β (for ES2N).

Figure 15: The Jacobian Eigenspectrum of the tES2N
and pES2N for different values of β (proximity).

When putting Fig. 15 into perspective with Fig. 8, we
can indeed see that the original ESN has eigenvalues all
clustered near the center of the unit circle, whereas the new
ES2Ns display the annular eigenvalue regions as predicted
by in Section 5.2. From this, we can also see that we can
indeed assume that as β → 0 the eigenvalues e tend to move
towards |e| = 1.

8.2 Valid Prediction Time
Next, we compute the Valid Prediction Time on the
Mackey-Glass series, with a total training time of 3000
timesteps for the output matrix. The models are allowed
to run for 4000 timesteps, and for the first 2000 timesteps,
the input of the mackey glass series is used to drive
the dynamics of the internal reservoir. After those 2000
timesteps, the model feeds its own feedback into itself.
From this setup, we simulate 100 randomly configured
networks for each of the three models, and compute the
average and relative standard error of the VPT (Eq. (3.8)).
From this, we obtain Table 1.

It is interesting to see how the VPT evolves as we change
the leaking rate or proximity of the system. Specifically for
the ES2N, we would expect that there is a trade-off between
edge of chaos behavior and stability of the system, and thus
we might be able to observe some optimality for a certain
range of proximities. We plot these data along with the
standard error of the mean at each point in Fig. 16.

Table 1: Valid Prediction Time (VPT) and Standard
Error of the Mean (SEM) across reservoir models after
100 runs. The pES2N displays a 57.0% increase in av-
erage VPT compared to the ESN.

Model Mean SEM

ESN 456.98 2.3%
tES2N 637.51 2.2%
pES2N 717.25 2.3%

Figure 16: The Valid Prediction Time (VPT) for three
different models as a function of either their Proximity
β or Leaking Rate α. Each datum represents the mean
of 20 runs.

Next, it is interesting to see how the models scale for the
number of nodes in the internal reservoir. Both good perfor-
mance for smaller reservoirs and scaling performance with
increasing reservoir size are desirable properties, so we wish
to see if the systems display these. We graph these results
in Fig. 17.

Figure 17: The Valid Prediction Time (VPT) for three
different models as a function of their reservoir size.
Each datum represents the mean of 20 runs.

Similarly, we wish to observe how the sparsity effects the
models, to see at what values the system performs best.
This directly relates to the number of memristors needed
to build the circuit. These results are displayed in Fig. 18.

Finally, to visualise an actual prediction, let us compare
how well the predictions of the free-running models match
the Mackey-Glass series by overlaying the predicted and
actual graph in Fig. 19.
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Figure 18: The Valid Prediction Time (VPT) for three
different models as a function of their sparsity s. Each
datum represents the mean of 20 runs.

Figure 19: The predictions for the Mackey-Glass se-
ries, starting from t = 2000 (the moment the system
becomes free-running).

8.3 Power Consumption
Next, we look at the power consumption of the phys-
ical networks on the Mackey-Glass series, from the
moment the network starts running freely on its own
output. For this computation, we convert back the
dimensionless conductance to its original quantity, using
a steady state conductance value of 1pS per channel as
in Ref. [37]. In doing so, the graph of Fig. 20 was achieved:

To better illustrate whether these graphs align, we also plot
the normalized values (to a range between 0 and 1) in Fig.
21. From this, we can observe whether specifically the peak-
ing behavior as displayed in Fig. 20 is inherent to the ES2N
or if it also exists in the ESN.
Now that we can compute the mean power usage for differ-
ent systems, we are able to turn this value into an actual
result by taking the average across 100 systems. This, we
can compare with the mean VPT of the system to find the
a measure of efficiency, in VPT seconds per pW.
It is interesting to see how different hyperparameters in-
fluence this efficiency metric, as optimizing the systems for
this efficiency would be most desirable in achieving the goal
of low-power physical neural networks. In doing so, we will
again be altering the proximity (or leaking rate), reservoir
size and sparsity of the system, to see how the efficiency

Figure 20: The power usage of the physical networks
starting from the first autonomous timestep. The ES2N
displays a much higher variance, and marginally higher
mean value.

Figure 21: The normalized power usage of the physical
networks starting from the first autonomous timestep.
Here, the peaks seem to be occurring at the same
timesteps for both networks.

Table 2: Power usage and efficiency across reservoir
models after 100 runs.

Model Power (pW) Efficiency (VPT/pW)

ESN 38.37 11.91
pES2N 44.32 16.18
% diff +15.5% +35.9%

maps to these parameters.

Figure 22: The efficiency of the network as a function
of either their Proximity β or Leaking Rate α. Each
datum represents the mean of 20 runs.

Next, the reservoir size.
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Figure 23: The efficiency for three different models
as a function of their reservoir size N . Each datum
represents the mean of 20 runs.

And finally, the sparsity of the reservoir (and orthogonal)
matrix.

Figure 24: The efficiency for three different models as
a function of their sparsity s. Each datum represents
the mean of 20 runs.

8.4 MSO8 predictions
As mentioned in section 7, we would also like to see how
our models perform at the MSO8 prediction benchmark
for 18,000 timesteps. This will tell us much about the
flexibility of the network, and how well it can deal with
sequences having multiple internal timescales (frequencies).
For this test, we will still be working with the parameters
as per Appendix B.

Firstly, let us take a look at the immediate results of the
VPT of the models on the MSO8 series. We find the results
of Table 3. Here, we can see that the ES2N models strongly
outperform the standard ESN.

Table 3: Valid Prediction Time (VPT) and Standard
error of the Mean (SEM) across reservoir models for
the MSO8 benchmark for 100 runs. Note here that a
VPT of 18, 000 is the maximal value.

Model Mean SEM

ESN 14.77 1.9%
tES2N 17,790.90 0.4%
pES2N 4,222.24 2.4%

Unexpectedly, the power usage of pES2N circuit on the
MSO8 input sequence is actually lower than that of the
standard ESN, as can be seen in Fig. 25.

Figure 25: The power usage of the ESN and pES2N
on the MSO8 input sequence.

The efficiency of the pES2N circuit will then be much better
than the ESN for this specific benchmark, as we can see in
Table 4. Remember that this will not be a fair comparison,
as this is a test specifically designed for the ESN to fail at.
Still, it would be illuminating to see if the ES2N is able to
succeed in terms of power as well.

Table 4: Valid Prediction Time (VPT) and Standard
error of the Mean (SEM) across reservoir models for
the MSO8 benchmark for 100 runs. Note here that a
VPT of 2000 is the maximal value. Each of the 100
runs for the pES2N reaches this value.

Model Power (pW) Efficiency (VPT/pW)

ESN 38.08 0.40
pES2N 1.88 9,407.02
% diff -95.1% +2,351,655.0%

Lastly, it would be interesting to see how the performance
of these models scales with the number of nodes in the
network. We finally display these results in Fig. 26.

Figure 26: The performance (VPT) as a function of
the reservoir size (N). Here, each modem represents the
average of 20 runs. Note that 2000 is the maximum
VPT that is being captured with these measurements.

Having gathered all of these results, we are now ready to
discuss their implications and how we could improve these
measurements with an eye on future research.
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9. Discussion
Now that we have obtained our results, we would like to
interpret them in this discussion section. Besides this, we
will also be discussing the limitations of our results and
methods, and how these measurements can be improved.
Finally, we will be going over the next steps that can be
taken for research in this field.

In section 8, we introduced the results without much con-
sideration as to how they should be interpreted. These
results are meant to showcase the increase in performance
(VPT) and Efficiency (VPT/Watt) of the (physical) ES2N
compared to the older ESN model, while also showing that
our model behaves as we would expect it to. In doing so, we
hope to answer our primary and secondary research ques-
tion as posed in section 1.

9.1 tES2N and pES2N
First, we would like to discuss the differences between
the theoretical and physical model of the ES2N. To do
this, we first observe Fig. 15. Here, we clearly see that
there is an annular region to which the eigenvalues are
confined for each value of β. This result experimentally
verifies theorem 4, which stated that the eigenvalues would
be confined to some annular region of width βγσ. This
result matches most closely to the tES2N, where we can
see the annulus tightening for decreasing values of β. For
the pES2N, however, there seems to be no such tightening
behavior, and all annuli already show a small width. To
explain this behavior, we know that all hyperparameters
are identical for these systems. Because of this, we expect
coupled nature of the Orthogonal matrix O and the
reservoir matrix W r to be the cause of this phenomenon.

Besides this, we can see that our third property of a
tunable Lyapunov exponent also seems to hold, as the
eigenvalue spectrum can be tuned to the Edge of Chaos
for arbitrarily low values of β. Do note, however, that
both Fig. 16 and Fig. 22 show that as β tends to 0, the
VPT and efficiency tend to fall off rapidly. This can be
explained by the fact that the simulations become unstable
for these regimes. Future research would have to be done
to determine whether the instability of the Echo State
Network here is an artefact of the discretization, or an
actual property of the physical circuit.

Lastly, it is interesting to note that the performance of the
pES2N tends to be similar to or even better than that of
the tES2N, while you would expect that the constraints
placed on the physical circuit would also constrain the per-
formance possible. A possible way to explain this is by the
fact that the orthogonal matrix of the physical network is
more carefully generated to match well with the reservoir
matrix when compared to the theoretical network. Con-
sidering this, together with the fact that the mathematical
properties still hold, we would have no real reason to sus-
pect the circuit to underperform, and the more optimal
generation of orthogonal matrices could actually cause the
physical network to outperform the theoretical model in
expectation.

9.2 Valid Prediction Time - Analysis

Now, we will discuss the results of the Valid Prediction
Time measurements taken in section 8.2. Having com-
pared the 3 different models for the hyperparameters as
in Appendix B, we can see that the mean VPT for 100
runs is greatest for the pES2N, showing a 57.0% increase
compared to the ESN. With a Standard Error of the Mean
(SEM) of 2.3%, this is a significant result, and we can
indeed conclude that our new physical ES2N outperforms
the old ESN. Note that for these simulations, all the
same hyperparameter values have been used as in the
Pyontronics python codebase [19, 50].

When comparing the VPT for different values of the
parameters α (for ESN) and β (for ES2Ns), we can see
that the models at the optimal range of β for the ES2Ns
outperform the ESN at its optimal range for α. Interesting
to note once again is the rapid fall-off as β goes to zero,
which does not occur for the ESN at the opposite end as
α tends to 1. The fact that this issue happens only at the
β ≈ 0 regime of values suggests once again that this is
caused by an instability at the Edge of Chaos.

Another interesting observation is that the ESN network
drops to a near-zero VPT quite fast (α ≈ 0.4), compared
to the ES2N models, which retain some VPT even at their
worst regimes. As we do not generally want to operate
at these β-values, and hardware will be fixed to work at
the optimal values of β, we will not go much further into
trying to explain this property.

We have also graphed the VPT for increasing reservoir
size in Fig. 17. It is interesting to note that the ESN
outperforms the ES2N models for the lowest number
of nodes, where the ES2N models seem to overtake the
performance around a node number of 100. From there,
there seems to be a diminishing return on increasing
the number of nodes for each of the three models. An
interesting follow-up question on these results is whether
this flattening behavior also occurs for different input
sequences, and to what degree.

Finally, we can come to two interesting conclusions from
Fig. 18. Firstly, we can see that there is no meaningful
correlation between sparsity and Valid Prediction Time for
all three of the models. This suggests that the sparsity
does not matter for the performance of the system. As we
would like to have our physical circuit to be sparse (so that
we don’t use too many memristors), this result validates
that this is a choice that does not sacrifice on performance.
Secondly, the orthogonal matrix for the pES2N and tES2N
will both be dense for a sparsity of 0. In our graph, we can
still see the physical ES2N outperform its theoretical coun-
terpart, from which we can assume that the difference in
performance does not stem from the sparsity of the orthog-
onal matrix. This in turn lets us conclude that it must be
either the additional term that we introduce into the equa-
tion of motion, or the method of generating our random
matrix that effects our performance thus.
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9.3 Power Consumption - Analysis
For this part, we discuss the results of section 8.3, going
over measurements of Power Consumption and efficiency.
We would expect the Power usage to increase for the
pES2N, as this model introduces a new memristor compo-
nent at each node. The exact magnitude of this increase
is difficult to predict, however, as the power usage of this
linear memristor will not be equal to that of the reference
resistor and non-linear memristor. Besides this, there
is a change of weight between the linear and non-linear
contributions of the conductance in the dynamic equation
in Eq. (5.1). We hope to see the effect these changes
have on the power usage, and to then conclude whether
the efficiency of the system (VPT per Watt) is actually
increased by our new pES2N model.

Starting with Table 2, we have conducted simulations with
100 randomly configured networks having hyperparameters
as in Appendix B. From these simulations, we can observe
a 15.5% power increase for the ES2N, which means that
the efficiency is increased by a net 35.9%. These results
suggest that the gain in Valid Prediction Time for the ES2N
is relatively larger than the gain in power consumption.
For this result, we will note that the peripheral circuit is
not taken into account for these calculations. Though the
peripheral circuit has not been defined, it has not been
concretely adjusted for the ES2N. If we assume the power
usage to be roughly equal between these two, then the found
efficiency acts as a lower bound. Calling the power of a
network P and of the peripheral circuit Pp, we can note
that the increase in efficiency is equal to

VPTES2N

VPTESN

PESN + Pp
PES2N + Pp

.

This value tends to
VPTES2N
VPTESN

for Pp → ∞, which means
that the upper bound of the efficiency increase is simply
the performance increase 59.0%. To put it into other
words, we argue that the addition of our linear memristor
into the nodes of the ESN circuit as per Fig. 6 is at least
35.9% and at most 59.0%.

One problem with the power usage of the ES2N can be
found in Fig. 20; there seems to be a large variance in
the power usage of the ES2N circuit. A high variance of
power on the network can put strain on the circuit, and is
generally not a desirable property of the power profile [79].
When looking at the normalized power usage in Fig. 21, we
can see that the peaking behavior of this spiking matches
closely with that of the ESN, but is simply amplified
greatly. This could be explained by the linear term
weighing more and including a term linear in the input
sequence, thus amplifying the signal that is being put into
the sequence and peaking more heavily when this input
sequence peaks. Though this would explain the behav-
ior, it is still one of the larger downsides to the ES2N model.

Figures 22 and 24 mimic the behavior of figures 16 and 18,
respectively. There is not much new to note here, besides
the fact that sparsity does not effect efficiency much. This
can be explained by the fact that power usage in the circuit
lives in the node, not the edges, of the network. There is
an inherent assumption of the edges between nodes being

resistance-free, and thus without power consumption. If
we where to make this model more accurate, we would pre-
dict that efficiency would become better for higher sparsity.

Lastly, Fig. 23 shows us the number of nodes for which the
ESN outperforms the ES2N. Specifically, for simple tasks
that do not require long-term memory (i.e. a smaller num-
ber of nodes), the ESN will perform at the best efficiency
out of both models. As the reservoir size increases, the
efficiency of both models seem to fall off and converge to
near-identical values.

9.4 MSO8 - Analysis
For the final set of results, we turn to the MSO8 and
how the different models perform on this benchmark.
Remember from section 7 that the MSO8 is specifically
chosen as a task the ESN fails at. The reason why the
ESN does not perform well at this task is because the
MSO8 input sequence operates at 8 different decoupled
frequencies. The linear term in Eq. (3.3) decays with
a factor 1 − α for all eigenvectors, and because of this,
the system is unable to learn all 8 frequencies. This is a
well-known problem, and has been resolved in other ways,
like by having each memristor in a circuit have a unique in-
ternal timescale τ (which we call a Bandpass Network) [19].

It is quite an interesting result that the ES2N models both
do excel at the MSO8 benchmark (following from Table
3). This would imply that these systems are able to learn
different timescales while still having each memristor have
identical timescale τ . Because of this, one singular fixed
model would be able to tackle problems concerining a
myriad of internal timescales, leading to a more flexible
design. The reason such ES2N models perform well at such
tasks compared to the ESN is because the linear term of
the ES2N as per Eq. (5.1) now has an orthogonal matrix,
meaning that different eigenvalues now decay at different
rates. Because of this, the network will decouple different
timescales through time, meaning that different parts of
the system are able to remember different timescales of the
input sequence.

Another surprising result is the power consumption of the
network displayed in Fig. 25. While we still have a large
variance similar to with the Mackey-Glass series (Fig. 20),
the mean power consumption seems to bit much lower.
This may be explained by the fact that the input sequence
is less chaotic, meaning that the ES2N is able to learn the
profile of the input much easier, requiring less input scaling
and thus power consumption. The high variance of the
power would still place some strain on the network, but for
this specific benchmark, this difference between ESN and
ES2N in strain will be less severe. As both performance
and power consumption are improved massively for this
task, the efficiency increase turns out to be a staggering
2,109,700%. Remember that this improvement is on a test
ESNs are not designed for, but this still illustrates the
increased flexibility of the (physical) ES2N model.

Finally, it is interesting to see that in Figure 26 and Table
3, the pES2N seems to outperform the tES2N heavily.
The physical model seems to scale much faster for an
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increasing number of nodes, and the performance tends
to be significantly higher. This is a surprising result, as
this behavior does not emerge for the Mackey-Glass input
sequence. There are two possible places to which we can
attribute this behavior. Firstly, it might be because of the
extra term linear in the input that the physical model has.
This term would more directly input the MSO8 sequence
into the circuit, which could cause the system to learn
such simple inputs more easily. A second, more likely, hy-
pothesis lies in the constraints we place on our Orthogonal
matrix. When we enforce locality of the orthogonal matrix
(as is done in the physical circuit), we design the circuit
to have its orthogonal matrix more localized for different
clusters of nodes. This behavior would explain why the
system is able to learn sequences with multiple input fre-
quencies like the MSO8 more easily, as local clusters each
predicting a component of the frequencies will emerge more
easily for the constrained matrix than for the dense matrix.

We conclude from the MSO8 analysis that the ES2N is
much more flexible to different tasks than the standard
ESN. Though more research would have to be done on
the difference between theoretical and physical ES2N, we
conservatively conclude from these results that the con-
straints placed on the physical design actually extend its
better when compared to the theoretical model.

9.5 Limitations to this research
Having created a method and produced results, there is
still much that could be improved. Let us discuss some of
the limitations of our model and methods, to get a better
view of our assumptions, simplifications and potential
errors.

Firstly, we note that the Simple Volatile Memristor as
per definition 1 is a simplification that is crucial to
turning our Echo State Networks physical. The SVM
model (and our simulation) hinges on the first-order
approximation of the Tayler expansion of f around zero.
For large variance and rapidly changing voltage inputs,
the first-order approximation may break, which would in
turn lead to the breaking of the equivalence between the
physical circuit and ESN or ES2N. This might pose a
serious problem for actual physical applications, as we have
seen in the variance of power in Fig. 20. The problem can
be circumvented, however, by reducing the input-scaling ω
of the network. Besides this, the peripheral circuit may be
able to prevent the network from operating at the regime
beyond first-order approximation, further aiding in keeping
our correspondence in tact. We suggest that care be taken
when implementing the physical ES2N, especially when
operating with high-variance and high-frequency input
sequences. Once such circuits become physically realizable,
we encourage further research into this non-SVM regime
to test for which circuits and input sequences the SVM
assumption holds.

Secondly, we have assumed the peripheral circuit to be
given. Though the tasks we require this peripheral circuit
to perform are all quite realizable, further research into
the exact topology and power consumption of this circuit
would still be needed to completely validate the (physical)

ES2N model. For now, the efficiency increase of the pES2N
on the Mackey-Glass benchmark can simply be taken as
a lower bound, though further research would both refine
this claim and make the implementation of such a physical
ES2N more realizable.

Thirdly, discretization within our simulations is also an
assumption that would work differently once an actual
physical circuit will be built. To ensure physical timescales
for the simulated memristors, the timesteps in the simu-
lations have been carefully chosen, and this may not be
reflected as easily within real-world circuits. The good
news is that a correspondence between discrete equations
of motion implies a correspondence between continuous
equations of motion, as we have derived the discrete
equations from their continuous dynamics. Then, the only
complication that needs to be studied further is how to
translate the hyperparameters used in our simulations to
the continuous regime. Specifically for the timestepping,
this will require careful engineering of the memristor
timescales and circuit clocks.

Besides these points, the noticeable differences between
the physical and theoretical ES2N have not been explained
to satisfaction yet. Understanding why these produce
such different results at times will go a long way towards
better understanding the dynamics of the new pES2N, and
currently forms a gap of knowledge within the model used.

In terms of methods, the VPT measure is not the only way
we can quantify performance of the network on reservoir
computing tasks. We have only chosen to perform one
test, as it most accurately gives a notion of memory in the
system, but there are many other approaches that could be
taken. Specifically, the Root Mean Squared Error (RMSE)
is a measure often used in the field of reservoir computing
[19], which makes comparison to other memristor based
networks easier. We have specifically opted not to use
this measure, however, as we feel that the RMSE can
give a distorted image of the actual effectiveness of a
model by potentially rewarding random predictions over
phase-shifted predictions. One of our main goals is to
assess whether the model is able to learn the (chaotic)
dynamics of the input sequence, and as such, a better
benchmark that future work could employ is seeing how
the phase-space of the prediction and actual sequence
differ for example. Using such measures on more different
input-sequences will give an even better understanding
of the differences between the ESN and pES2N than this
thesis has already sketched.

Finally, we would like to note that generation algorithm
of the physical Orthogonal matrix is still quite arbitrary
and unstudied. The different components mathematically
guarantee orthogonality and sparsity, but besides this no
real research has been done into how the generation could
be improved. Testing out different algorithms for the gen-
eration was not within the scope of this thesis, but this
has lead to some results regarding the differences between
theoretical and physical ES2Ns becoming more difficult to
interpret. We therefore remark that the simulations and re-
sults could have been improved by means of a preliminary
study on different generation methods.
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9.6 Future research
For future research, we would of course be interested in
seeing these results refined even further. Though the
benchmarks and tests conducted in this thesis give a
convincing argument for the superiority of the Edge of
Chaos regime introduced by the ES2N over the standard
ESN circuit, there is still much left unknown. Specifically,
the difference between theoretical and physical ES2N can
still be expanded upon further, and tests like the Hénon
map, Memory Capacity and Larma 2 input sequence (as
discussed in section 7.3) would further give insight into the
potential of this new model.

Though the internal dynamics, performance and efficiency
of the ES2N have been modelled and tested well in this
thesis, there is still much unknown about the peripheral
circuit necessary to achieve this. Another natural con-
tinuation of this research would then be to completely
develop the theory around this peripheral circuit and
include it into the benchmarks used in this thesis. In doing
so, a more complete picture of performance increase and
especially efficiency would be sketched. This would also
make future implementations of the circuit easier to realize.

As the peripheral circuit is a large unknown that can
influence the efficiency of the network greatly, an important
direction for this circuitry could be to simplify the role the
peripheral circuit plays in its dynamics. If the pES2N can
be simplified to still display Edge of Chaos behavior while
having a simpler peripheral circuit, this would result in a
large gain in efficiency.

Extending on this further, Echo State Networks are still
rather difficult to study experimentally due to the use of
conical memristors and complex peripheral circuits. Then,
studying a simpler model that may have less performance
than the ESN but is easier to build would be a good next
direction to make the jump between this simple model to
ESN to ES2N easier to realize experimentally.

If the physical ES2N where to actually be implemented
using conical memristors, another step that would prove
useful would be to further research the generation of the
random Orthogonal matrix using simulations. The imple-
mentation in this thesis serves its purpose well enough,
but improvements may still be found in this method, and
physical circuits may benefit greatly from some additional
research.

In the same vain, studying the limits for where the model
holds — both in terms of realizable hyperparameters as
well as in terms of the domains for which our assumptions
of Simple Volatile Memristors hold — would be valuable
research that can further explore the scope of problems
this type of physical ES2N is able to solve.

From this, a direction we find important to further deeper
understanding of the proximity parameter β is to study
the instability that occurs as β → 0. We touched on
this during this section already, but we have not been
able to give a satisfying explanation to this phenomenon
yet. Studying this will make it clearer what the origin of
instability is, and whether we would be able to find a way

to push the circuit even further to the Edge of Chaos then
we do now.

Once the model will be made physical, the voltage and
current may be subject to noise due (for example) to ther-
mal noise or electromagnetic interference and resistance
within the edges of the network. The simulations have
not taken these into account, but for testing effectiveness
in actual physical implementations, these would be good
variables to also include into the model. ESN models have
already been studied with noise [80, 81], so we believe this
is a natural direction for future research.

Finally, it would be of interest for future research to apply
the model of the physical ES2N to physical input data to
research future applications of these new models in actual
real-world tasks. Candidate tasks would be the respitory
data used in [19], ECG and EEG data as in [20, 27, 81],
and speech patterns as in [32].

10. Conclusion
We have reviewed literature and theory on Echo State
Networks based on Conical Memristors and found that
these can be improved by the introduction of Edge of
Chaos behavior in the form of the Edge of Stability Echo
State Network. We have managed to create a circuit
to turn these ES2Ns physical using Conical Memristors,
and have proven that this circuit does indeed correspond
to the theoretical ES2N. By doing simulations on the
Mackey-Glass input series, we have found that perfor-
mance increases by 59.0%, and the efficiency increase of
this new model lies between 35.9%− 59.0%.

We have experimentally verified using the Jacobian Eigen-
spectrum that the new ES2N obeys the annular eigenvalue
property as per Theorem 4 and that the Edge of Chaotic
of the physical circuit is tunable. Furthermore, we have
established that our new pES2N model performs much
better than the ESN at tasks involving multiple frequen-
cies by means of analysing the MSO8 input sequence, a
sequence the standard ESN famously fails at.

In conclusion, the proposed physical ES2N is a direct im-
provement on the physical ESN that went before. Edge
of Chaos dynamics can be introduced into the memristor-
based Echo State Network by extending it to the Edge of
Stability Echo State Network, and this improves both pre-
dictive timescales and efficiency in the circuit on standard
benchmarks like the Mackey-Glass and MSO8 series. No-
tably, the Edge of Chaos is introduced in a tunable way,
and the internal dynamics of the system allow it to learn
input sequences that feature multiple timescales, supported
by favorable results on the MSO8 series.
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Appendix

A. Activation function
When generating the nonlinear activation function as per
Eq. (2.5), we briefly introduced the variables that make up
this equation. The values used in this equation are crucial
to tuning the behavior of the steady state conductance as a
nonlinear activation function, and therefore it is necessary
to denote the values used for these variables. These are
displayed in Table 5 below.

Table 5: Values used in computing the steady state
conductance as per Eq. (2.5)

Variable Symbol Value

Base radius Rb 100 ∗ 10−6

Tip radius Rt 5 ∗ 10−6

Channel length L 150 ∗ 10−6

Permittivity ϵ 0.7104 ∗ 10−9

Diffusion coefficient D 10−9

Surface potential ψ0 −0.039
Boltzman constant kb 1.3806 ∗ 10−23

Temperature T 293.15
Viscocity η 0.0010093
Electric charge e 1.602 ∗ 10−19

The final activation function is produced by filling in these
values into Eq. (2.5) and then numerically integrating
the integral of that equation. To make simulation faster,
the results are stored in a lookup table with a certain
resolution. When computing this for a voltage V , we then
take the nearest voltage for which we have stored a value
of the activation function and return that stored value.

B. Model hyperparameters
For the hyperparameters, the following default values have
been used for the different models:

Table 6: Default values for ESN

Hyperparameter Symbol Value

Leaking rate α 0.95
Steady state conductance g0 10−12

Timescale τ 2.27
stepsize ∆t 1.0
Spectral radius ρ 0.95
Sparsity s 0.95
input scaling ω 0.45
Reservoir size N 400

Next, for the physical ES2N, we ran some preliminary tests
to find the correct hyperparameters for the Mackey-Glass
series. The following hyperparameters are the results:

Table 7: Default values for pES2N

Hyperparameter Symbol Value

proximity β 0.068
coupling b 8.8
Steady state conductance g0 10−12

Timescale τ 2.27
stepsize ∆t 0.154
Spectral radius ρ 0.95
Sparsity s 0.95
input scaling ω 2.5
Reservoir size N 400

For the tES2N, the same values as the pES2N are used
where applicable. The values for b, β and ω are the ones
optimized specifically for this model. The value of ∆t is
chosen to produce β from the given memristor timescale of
the ESN.

Table 8: Default values for tES2N

Hyperparameter Symbol Value

proximity β 0.068
Timescale τ 2.27
stepsize ∆t 0.154
Spectral radius ρ 0.95
Sparsity s 0.95
input scaling ω 2.5
Reservoir size N 400
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